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Abstract
We present a general class of recurrent systems which, under given initial conditions,
generate inﬁnite sequences in Fnq : In previous works (see Finite Fields Appl. 8 (2002) 91 and J.
Number Theory 95 (2002) 268), we have seen that if ðxiÞiX1 is a sequence solution of such a
system then the power series in FqððT1ÞÞ deﬁned by the continued fraction expansion
½x1T ; x2T ;y; xnT ;y is algebraic over FqðTÞ:
r 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction
Let us deﬁne the sequence of polynomials ðKnÞnX0: For nX0; Kn is a polynomial
of n variables. We have K0 ¼ 1; K1ðu1Þ ¼ u1 and the recursive relation, for nX2;
Knðu1; u2;y; unÞ ¼ unKn1ðu1;y; un1Þ þ Kn2ðu1;y; un2Þ: ð1Þ
Thus, K2ðu1; u2Þ ¼ u1u2 þ 1; K3ðu1; u2; u3Þ ¼ u1u2u3 þ u1 þ u3; etc. It can be ob-
served that these polynomials are sums of products of distinct variables. Actually,
the number of terms in Kn is the Fibonacci number Fn: These functions, which are
usually called continuants, are directly connected with the classical continued
fraction algorithm. Indeed, we have for n indeterminates: a1; a2;y; an the following
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formula:
a1 þ 1=ða2 þ 1=ða3 þ?Þ ¼ ½a1; a2; a3;y; an ¼ Knða1; a2;y; anÞ
Kn1ða2; a3;y; anÞ:
It is known that Kn can be expressed by the following determinant:
Knðu1; u2;y; unÞ ¼ det
u1 1 0 y 0
1 u2 1 0 y 0
0 1 u3 1 0 y 0
^ & ^
0 y 1 un1 1
0 y 0 1 un


: ð2Þ
For a general account on continuants see for example Perron’s classical treatise on
continued fractions [P].
We introduce a prime number p and an integer q ¼ ps; with sX1: We denote by Fq
the ﬁnite ﬁeld with q elements. Let XðqÞ be the set of sequences taking values in Fnq :
We consider a sequence ðxnÞnX1 in XðqÞ and an indeterminate T : For iX1 and mX1;
it is clear that KmðxiT ; xiþ1T ;y; xiþm1TÞ is a polynomial in T of degree m; with
coefﬁcients in Fq: We will write
KmðxiT ; xiþ1T ;y; xiþm1TÞ ¼ K ðiÞm ðTÞ: ð3Þ
By extension, we will write K
ðiÞ
0 ¼ 1 and K ðiÞ1 ¼ 0; for iX1: We introduce an integer
r ¼ pt with tX0 and an integer lXr: Given eAFnq ; we assume that the sequence
ðxnÞnX1 in XðqÞ satisﬁes the following recurrent system for nX1:
Sðr; lÞ K
ðnrþl2rþ2Þ
2r1 ðTÞ ¼ eð1Þ
n1
xrnT
rK
ðlrþ2Þ
r1 ðTÞ;
K
ðnrþlrþ2Þ
r1 ðTÞ ¼ K ðlrþ2Þr1 ðTÞ:
(
We have introduced this system in a previous work (see [LR2, system ðS4Þ in
Proposition 2.2]). There we consider a more general case where the variables of the
functions Kn are ui ¼ xiT þ yi with xiAFnq and yiAFq: Here, we consider the
particular case where yi ¼ 0 for iX1: This particular case allows us to simplify
the general system (see [LR2, Proposition 3.1, Remark 3.2]). In this previous work,
we have proved the following: if ðxiÞiX1 in XðqÞ is a solution of Sðr; lÞ for some eAFnq
then the following algebraic equation,
eK ð2Þl1ðTÞX rþ1  eK ð1Þl ðTÞX r  K ð2Þlr1ðTÞX þ K ð1ÞlrðTÞ ¼ 0
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has a unique solution Y in FqððT1ÞÞ and this solution is deﬁned by the continued
fraction expansion,
Y ¼ ½x1T ; x2T ;y; xnT ;y:
The aim of this paper is to study the existence of sequences in XðqÞ satisfying the
recurrent system Sðr; lÞ for a given eAFnq . It is known that, for all r and lXr; this
system admits the trivial solution xi ¼ 1 for iX1; with e ¼ 1 (see [LR1, p. 96]; [LR2,
Deﬁnition 2.1]). In the following section, we will show how the general system Sðr; lÞ
can be transformed. In the third section, we will discuss the situation when r ¼ 3 and
consequently when Fq is a ﬁeld of characteristic three. In the last section, we will
present conjectures for the general setting. Except the trivial case r ¼ 1; we will see
that the situation is essentially different according to whether the characteristic p is 2
or an odd prime number.
2. Transformation of Sðr; lÞ
First we will set, for mX0 and iX1;
K ðiÞm ðTÞ ¼
X
0pjpm
oðiÞm;jT
j: ð4Þ
Hence, K
ðiÞ
m ðTÞAFq½T : It is easy to see that oðiÞm;j ¼ 0 if m þ j is odd. Thus, K ðiÞm is an
even polynomial when m is even and an odd polynomial when m is odd. Moreover,
for mX1; oðiÞm;m is clearly equal to the product xixiþ1yxiþm1 and o
ðiÞ
0;0 ¼ 1: Further,
oðiÞm;m2j is the sum of all the distinct terms obtainable from o
ðiÞ
m;m2jþ2 deleting all
pairs of consecutive variables xkxkþ1: Consequently, for 0pjom=2; we see that
oðiÞm;m2j is a symmetrical function of the m variables xi; xiþ1;y; xiþm1: This function
is the sum of ðmj
j
Þ terms, each term being a product of m  2j variables. The
following formulas, which are obtained by combining (1), (3) and (4), are useful to
have explicit expressions for these functions:
oðiÞm;m2j ¼ xiþm1oðiÞm1;m12j þ oðiÞm2;m2j
for mX2; iX1 and 1pjpm=2: And also
oðiÞm;m2j ¼ xioðiþ1Þm1;m12j þ oðiþ2Þm2;m2j
for mX2; iX1 and 1pjpm=2:
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Proposition 1. A sequence ðxiÞiX1 in XðqÞ satisfies the system Sðr; lÞ if and only if we
have for nX1;
S0ðr; lÞ
oðnrþlrþ1Þr;r ¼ eð1Þn1xrn;
oðnrþlrþ1Þr;r2i þ oðnrþl2rþ2Þr2;r2i ¼ 0 for 1pipr=2;
oðnrþlrþ2Þr1;r12j ¼ oðlrþ2Þr1;r12j for 0pjpðr  1Þ=2:
8><
>:
Proof. From the form of a determinant taken by Kn in (2), we can note that
K ðjÞn ¼ K ðniþjÞi K ðjÞni þ K ðniþjþ1Þi1 K ðjÞni1
for 0pipn and jX1: Applying this formula for n ¼ 2r  1; i ¼ r and j ¼ ðn  2Þr þ
l þ 2; we obtain
K
ðnrþl2rþ2Þ
2r1 ¼ K ðnrþlrþ1Þr K ðnrþl2rþ2Þr1 þ K ðnrþlrþ2Þr1 K ðnrþl2rþ2Þr2 :
Observing that K
ðnrþl2rþ2Þ
r1 ¼ K ðnrþlrþ2Þr1 ¼ K ðlrþ2Þr1 by the second equation of
Sðr; lÞ; this becomes
K
ðnrþl2rþ2Þ
2r1 ¼ Kðlrþ2Þr1 ðK ðnrþlrþ1Þr þ K ðnrþl2rþ2Þr2 Þ:
Thus, the ﬁrst equation of Sðr; lÞ can be written as
Kðnrþlrþ1Þr ðTÞ þ K ðnrþl2rþ2Þr2 ðTÞ ¼ eð1Þ
n1
xrnT
r for nX1:
Consequently, with the above notations, a sequence ðxiÞiX1 satisﬁes the system Sðr; lÞ
if and only if S0ðr; lÞ is satisﬁed for nX1: This completes the proof. &
A sequence ðxiÞiX1 in XðqÞ satisfying S0ðr; lÞ is indeed determined by the ﬁrst l
terms ðx1; x2;y; xlÞ and by e: This will be clear in the next section considering the
particular case r ¼ 3: Formally, the terms of the sequence appear as rational
functions of the l þ 1 variables x1; x2;y; xl and e: In order to have a solution in
XðqÞ; these functions must all be deﬁned and take values in Fnq : Generally, this will
only be possible under strong conditions on x1; x2;y; xl and e: Consequently, S0ðr; lÞ
may have or not a solution in XðqÞ according to the choice of the initial values for
x1; x2;y; xl and of the value for e in Fnq :
It is interesting to notice a general stability property of the set of solutions in XðqÞ
of our system. We have proved in [LR2], the two following properties:
(1) If ðxiÞiX1 in XðqÞ is a solution of S0ðr; lÞ for a given e and if lAFnq then ðlxiÞiX1
is also a solution of S0ðr; lÞ with the same e:
(2) If ðxiÞiX1 inXðqÞ is a solution of S0ðr; lÞ for a given e and if lAFnq then ðlð1Þ
i
xiÞiX1
is a solution of S0ðr; lÞ with e0 ¼ elð1Þlþ1þr if p is odd and e0 ¼ elr if p ¼ 2:
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We denote byXðq; r; lÞ the set of sequences inXðqÞ which are solutions of S0ðr; lÞ for
a certain eAFnq : With this notation, the above properties imply that if
ðxiÞiX1AXðq; r; lÞ then ðlmð1Þ
i
xiÞiX1AXðq; r; lÞ for all l; mAFnq : Note that it is always
possible to chose l and m such that lmð1Þ
l
xl ¼ 1 and lmð1Þl1xl1 ¼ 1: Indeed we
need to have l2 ¼ ðxlxl1Þ1 and such an element exists in Fnq if p ¼ 2 or in Fnq2 if p is
odd. Hence, by putting x0n ¼ lmð1Þ
n
xn for nX1; we have x0n ¼ x1l xn if n 	 l mod 2
and x0n ¼ x1l1xn if n 	 l  1 mod 2: Accordingly, we only need to consider sequences
ðxiÞiX1 of Xðq; r; lÞ such that xl1 ¼ xl ¼ 1: Another simple stability property of the
set Xðq; r; lÞ is noteworthy. If ðxiÞiX1AXðq; r; lÞ for a given eAFnq ; then
ðxpi ÞiX1AXðq; r; lÞ with e0 ¼ ep: Indeed this comes immediately from the Frobenius
homomorphism property, by elevating each equation of S0ðr; lÞ to the power p:
3. The case r ¼ 3
Since we consider the case r ¼ 3; we have p ¼ 3 and q ¼ 3s with sX1: By
Proposition 1 and assuming that xl1 ¼ xl ¼ 1; we are concerned with sequences
ðxiÞiX1 in XðqÞ satisfying for nX1 the following recurrent system:
S0ð3; lÞ
x3nþl2 ¼ eð1Þnþ1x3n;
x3nþl1 ¼ x13nþl ;
x3nþl ¼ x3nþl2  x3nþl4:
8><
>:
It appears that such a system generates the terms of a sequence only as long as
x3nþla0: Consequently, given x1;y; xl2 and e; we will consider the resulting
sequence which may be ﬁnite or not. For ðx1;y; xl2; eÞAðFqÞl1; we introduce the
quantity Nðx1;y; xl2; eÞ ¼ supfnX1 : x3nþl3a0g: In the following proposition,
considering the simplest case l ¼ 3; we give a sufﬁcient condition on the pair ðx1; eÞ
to have Nðx1; eÞ ¼N:
Proposition 2. Let q ¼ 3s with sX1 be an integer. Let eAFnq and lAFnq be given. We
define recursively a sequence ðxiÞiX1 in Fq; by x1 ¼ l; x2 ¼ 1; x3 ¼ 1 and the following
formulas for nX1; as long as x3nþ3a0;
S0ð3; 3Þ
x3nþ1 ¼ x3neð1Þ
nþ1
;
x3nþ2 ¼ x13nþ3;
x3nþ3 ¼ x3nþ1  x3n1:
8><
>:
We assume that the following condition holds:
Hð3; 3Þ eðl3 þ 1Þ þ 1 ¼ 0:
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Then ðxnÞnX1 belongs to XðqÞ: Moreover, for kX1; we have
xn ¼ l3k1euðkÞ if n ¼ ð3k  1Þ=2 ð*Þ
and
xn ¼ eð1Þ
nþk
uðkÞ if ð3k  1Þ=2onoð3kþ1  1Þ=2 ð* *Þ
with uðkÞ ¼ ð3k1 þ ð1ÞkÞ=4:
Proof. For kX1; we introduce the integer aðkÞ ¼ ð3k  1Þ=2 and the set of integers
Ik ¼ fnAN : aðkÞpnoaðk þ 1Þg: We observe that
að1Þ ¼ 1 and aðk þ 1Þ ¼ 3aðkÞ þ 1: ð5Þ
Thus, we have a partition of Nn with Nn ¼ SkX1 Ik: Since aðk þ 1Þ ¼ aðkÞ þ 3k; we
see that Ik has 3
k elements. For kX1; we also introduce the integer uðkÞ ¼
ð3k1 þ ð1ÞkÞ=4: We observe that
uð1Þ ¼ 0 and uðk þ 1Þ ¼ 3uðkÞ þ ð1Þk1: ð6Þ
In order to prove that xna0 for nX1 when Hð3; 3Þ is fulﬁlled, we shall establish (*)
and(* *) by induction. From the initial conditions on the sequence ðxnÞnX1; it is clear
that (*) and (* *) hold for k ¼ 1: Now we consider nAIk with kX2 and we assume
that (*) and (* *) hold for all integers m with 1pmon: We distinguish three cases:
(a) n 	 0 mod 3; (b) n 	 1 mod 3 and (c) n 	 2 mod 3: In the ﬁrst case, according to
the second equality of S3; we have xn ¼ x1n1: We observe that n  14aðkÞ:
Consequently, we see that since (* *) holds for n  1; it holds for n too. In the second
case, since we can write n ¼ 3m þ 1; the ﬁrst equality of S0ð3; 3Þ implies
xn ¼ x3með1Þ
mþ1
: ð7Þ
Now we distinguish two subcases: ðb1Þ n ¼ aðkÞ or ðb2Þ n4aðkÞ: If n ¼ aðkÞ; we
have m ¼ aðk  1Þ and, by (*) with n ¼ m; we can write
xm ¼ l3k2euðk1Þ: ð8Þ
By observing that ð1ÞaðkÞ ¼ ð1Þk; we see that (6)–(8) imply
xn ¼ l3k1euðkÞ:
Thus, (*) is satisﬁed for n: If n4aðkÞ; we observe that mAIk1 and m4aðk  1Þ:
Consequently, by (* *), we can write
xm ¼ eð1Þ
mþk1uðk1Þ: ð9Þ
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By combining (7) and (9), by observing that ð1Þm ¼ ð1Þnþ1 and using ð2Þ; we
obtain
xn ¼ eð1Þ
nþkuðkÞ:
Thus, (* *) is satisﬁed for n: In the last case (c), we will see that xn1 þ xn3a0; and
therefore we can write
xn ¼ ðxn1 þ xn3Þ1: ð10Þ
We distinguish again two subcases: ðc1Þ n4aðkÞ þ 1 or ðc2Þ n ¼ aðkÞ þ 1: If
n4aðkÞ þ 1; we have n  1AIk and n  3AIk: Therefore, by (* *), we can write
xn1 þ xn3 ¼ eð1Þ
nþk1uðkÞ þ eð1Þnþk3uðkÞ ¼ eð1Þnþk1uðkÞ: ð11Þ
By combining (10) and (11), we see that (* *) holds for n: In the last subcase, i.e.
n ¼ aðkÞ þ 1; we have n  3AIk1: By (*) and (* *), we have
xn1 þ xn3 ¼ l3k1eð1Þ
nþk1
uðkÞ þ eð1Þnþk4uðk1Þ
which becomes
xn1 þ xn3 ¼ eð1Þ
nþk1uðkÞðl3k1 þ eð1Þnþkðuðk1ÞþuðkÞÞÞ: ð12Þ
Since uðk  1Þ þ uðkÞ ¼ 3k2 and observing, as above, that ð1ÞaðkÞþ1 ¼ ð1Þkþ1; we
obtain
xn1 þ xn3 ¼ eð1Þ
nþk1
uðkÞðl3 þ e1Þ3k2 : ð13Þ
Finally, Hð3; 3Þ is equivalent to l3 þ e1 ¼ 1 and also ðl3 þ e1Þ3m ¼ 1 for all
mX0: Thus, (13) becomes
xn1 þ xn3 ¼ eð1Þ
nþk1uðkÞ: ð14Þ
By combining (10) and (14), we see that (* *) holds for n in this case too. So the
proof of the proposition is complete. &
Now we need to introduce some new notations. Assuming that p is an arbitrary
odd prime number, we introduce a subset of ðFnqÞn for each integer nX1: This subset,
denoted by En; is such that ðl1; l2;y; lnÞAEn if and only if the following continued
fraction exists in Fnq :
Cðl1; l2;y; lnÞ ¼ ½2l1;2l2; 2l3;y; ð1Þn12ln; ð1Þn:
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We have Cðl1Þ ¼ 2l1  1 and consequently E1 ¼ Fnq\f1=2g: Further we observe that
ðl1; l2;y; lnÞAEn is equivalent to
2lna1; 2ln1að2ln  1Þ1;y; 2l1a½2l2;y; ð1Þn22ln; ð1Þn11:
Consequently, it is clear that En contains ðq  2Þn elements. If we come back to the
case p ¼ 3; we see that condition Hð3; 3Þ given in the above proposition can be
written as la 1 and e ¼ 1=ð2l3  1Þ: With our notations, this becomes lAE1 and
e ¼ CðlÞ3:
We are able to formulate the following conjecture which is a generalization for
lX3 of Proposition 2.
Conjecture 3. Let q ¼ 3s with sX1 and an integer lX3 be given. Let
ðl1; l2;y; ll2ÞAðFnqÞl2 and eAFnq be such that
Hð3; lÞ ðl1; l2;y; ll2ÞAEl2 and e ¼ Cðl1; l2;y; ll2Þ3:
Then the sequence ðxiÞiX1 generated by S0ð3; lÞ; with xi ¼ li for 1pipl  2; xl1 ¼
xl ¼ 1 and e defined as above, belongs to XðqÞ:
It is worth noting that the pattern of the resulting sequence in Fnq which can be
observed from computer calculations is very regular and similar to the one we have
obtained for l ¼ 3 although more complicated. A proof of this conjecture could
probably be obtained by an adaptation of the arguments used in Proposition 2. We
doubt whether such a proof would bring a wider comprehension of the phenomenon.
We are aware that more general tools would be necessary to solve the problem in
its generality.
Remark 4. For all q ¼ 3s and lX3 the ðl  2Þ-tuple ð1; 1;y; 1Þ and e ¼ 1 satisfy
Hð3; lÞ leading to the constant sequence xn ¼ 1 for nX1 which is known to be the
solution of S0ð3; lÞ: If q ¼ 3 then it is clear that En contains the unique element
ð1; 1;y; 1Þ for all nX1: On the other hand, also if q ¼ 3; it is easy to see that
Nðx1;y; xl2; eÞ ¼N implies xi ¼ 1 for iX1 and e ¼ 1: Indeed, when ðxiÞiX1AXð3Þ
the last equality of S0ð3; lÞ implies that x3nþl ¼ x3nþl2 ¼ x3nþl4 for nX1: Since
xl1 ¼ 1; using the second and the ﬁrst equality of S0ð3; lÞ; we see that xi ¼ 1 for
iX1 and e ¼ 1: Consequently, for q ¼ 3 and lX3; Conjecture 3 is proven as well as
its converse.
Let us come back to Proposition 2 and Conjecture 3. An important question must
be raised here: Could it be that Nðl1;y; ll2; eÞ ¼N if and only if Hð3; lÞ holds? In
the previous remark, we have just seen that this is so if q ¼ 3: We have tried to verify
this in larger ﬁelds of characteristic three by using computer calculations. We have
ðq  1Þl1 elements ðl1; l2;y; ll2; eÞ in ðFnqÞl1 and, among them, we have ðq  2Þl2
such ðl  1Þ-tuples satisfying Hð3; lÞ: Therefore, we are required to test only a ﬁnite
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number of cases. Let us introduce N0ðq; lÞ deﬁned as the greatest Nðl1;y; ll2; eÞ for
all ðl1;y; ll2; eÞAðFnqÞl1 which do not satisfy Hð3; lÞ: In the simplest case q ¼ 3; we
have seen that N0ð3; lÞ is ﬁnite. Moreover, very elementary arguments, which will be
omitted here, show that N0ð3; lÞ ¼ l  1 for lX3: Let us introduce also the integer
Nðq; lÞ deﬁned as the maximum of the Nðl1;y; ll2; eÞ which are ﬁnite. Thus, with
our notations we have N0ð3; lÞ ¼ Nð3; lÞ for all lX3: The above question can be
stated as: do we have N0ðq; lÞ ¼ Nðq; lÞ for all lX3 and q ¼ 3s ? We have only been
able to test the ﬁnite ﬁelds for qp243: Surprisingly, although N0ðq; lÞ is ﬁnite for
q ¼ 9 and 81 and for the ﬁrst values of l; it does not seem to be ﬁnite for q ¼ 27 and
243. Since F3sCF3ks ; we can observe that N0ð3ks; lÞXN0ð3s; lÞ: Consequently,
N0ð3s; lÞ ¼N implies N0ð3ks; lÞ ¼N for sX1 and kX1: We set out in Table 1
values of Nðq; lÞ for small values of l and 3pqp243:
Remark 5. For q ¼ 9 and for 3plp6 as well as for q ¼ 81 and 3plp4 the situation
is the same as for q ¼ 3 and for all lX3; we can see that N0ðq; lÞ is ﬁnite and
assuming Conjecture 3 we have N0ðq; lÞ ¼ Nðq; lÞ: For q ¼ 27 and for q ¼ 243; the
situation is apparently different. When the ﬁeld is F27 and l ¼ 3; there are 651 pairs
ðl; eÞ not satisfying Hð3; 3Þ and among them there are 45 pairs for which the
resulting sequences do not seem to vanish. In each of these particular cases, we have
checked by computer that the sequence does not vanish for the ﬁrst 100 000 terms.
For l ¼ 4; there are 16 951 triples ðl; eÞ not satisfying Hð3; 4Þ and among them there
are 1059 triples for which the resulting sequences do not seem to vanish (tested up to
5000). For l ¼ 5; the same happens for 28 023 cases out of 441 351 (tested up to
1000). We have also found this singularity for the ﬁeld F243 and l ¼ 3: In that case,
we have observed 480 cases, out of the 58 323 possible cases not satisfying Hð3; 3Þ;
for which the resulting sequences do not seem to vanish (tested up to 15 000). Hence,
in these four cases (*), we can think that N0ðq; lÞ ¼N: The values of Nðq; lÞ(*) stated
in the table are obtained after removing all the sequences which are supposed not to
vanish and not only those resulting from the ðl  1Þ-tuples ðl1;y; ll2; eÞ satisfying
Hð3; lÞ:
The existence of these additional exceptional cases, assuming that the correspond-
ing sequences never vanish, is somehow surprising. Moreover, it is striking that the
pattern of the corresponding sequences is not obvious and anyway far more
complicated than in the previous cases when the ðl  1Þ-tuple ðl1;y; ll2; eÞ does
satisfy Hð3; lÞ: Because of the above remark, these exceptional cases will appear in all
the ﬁelds Fq with q ¼ 33s or q ¼ 35s:
Table 1
Values for Nðq; lÞ
I\q 3 9 27 81 243
3 2 19 154(*) 1147 8542(*)
4 3 32 275(*) 2240
5 4 45 396(*)
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Finally, we remark that, for lXr; the known values for Nðq; lÞ or the expected ones
satisfy the following formula Nðq; lÞ ¼ Nðq; rÞ þ ðl  rÞð32s1  1Þ=2:
4. Conjectures in the general case
In the previous section, we have seen that S0ð3; lÞ generates a sequence in Xð3sÞ if
and only if the initial values of the sequence and e satisfy condition Hð3; lÞ; at least
for several different values of l and s: This condition does not seem to be necessary in
some other cases, i.e. s ¼ 3 or 5. Nevertheless, the importance of this condition is
strengthened by an extension to an arbitrary odd characteristic p: We can formulate
the following conjecture.
Conjecture 6. Let p be an odd prime number, q ¼ ps with sX1; r ¼ pt with tX1 and an
integer lXr: Let ðl1; l2;y; ll2ÞAðFnqÞl2 and eAFnq be given. Then S0ðr; lÞ generates a
sequence ðxiÞiX1 in XðqÞ with the initial conditions xi ¼ li for 1pipl  2 and xl1 ¼
xl ¼ 1 if
Hðr; lÞ
ðl1; l2;y; llrþ1ÞAElrþ1;
li ¼ 1 for l  r þ 2pipl  2;
e ¼ Cðl1; l2;y; llrþ1Þr:
8><
>:
Remark 7. The above conjecture has been tested for several odd primes p; q ¼ p and
small values of l: In all these cases, the converse of the conjecture is true: if Hðr; lÞ
does not hold then the resulting sequence vanishes at some index. Nevertheless, we
are unable for practical reasons to test the conjecture in ﬁnite ﬁelds which are not
prime with a large characteristic. Consequently, we cannot discard the existence of
special ﬁelds where the converse of the conjecture does not hold, as it is suspected to
be for F27 or F243:
Finally, let us consider the case of characteristic p ¼ 2: Hence, q ¼ 2s with sX1
and r ¼ 2t with tX1: The simplest case r ¼ 2 is already known (see [LR2,
Proposition 3.1]). We can recall that if r ¼ 2; the system S0ð2; lÞ generates a
sequence in XðqÞ for all choices of eAFnq and of ðl1; l2;y; llÞAðFnqÞl : For the general
case, we can formulate a last conjecture.
Conjecture 8. Let q ¼ 2s with sX1; r ¼ 2t with tX1 and an integer lXr: Let
ðl1; l2;y; llÞAðFnqÞl and eAFnq be given. Then S0ðr; lÞ generates a sequence ðxiÞiX1 in
XðqÞ with the initial conditions xi ¼ li for 1pipl if and only if
Hðr; lÞ oðlrþ2Þr1;r12j ¼ 0 for 1pjpðr  1Þ=2:
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Remark 9. The main difference, in the case of characteristic two, is that the existence
of the sequence in XðqÞ solution of S0ðr; lÞ does not depend upon e and actually e can
be arbitrarily chosen in Fnq: Moreover, we note that Hðr; lÞ does not involve the ﬁrst
l  r þ 1 values of the sequence which can also be taken arbitrarily. We can observe
that the above condition for r ¼ 2 is empty. For r ¼ 4; this condition Hð4; lÞ
becomes oðl2Þ3;1 ¼ 0 or simply xl ¼ xl2: For larger values of r the existence of
ðr  1Þ-tuples ðllrþ2;y; llÞAðFnqÞr1 satisfying Hðr; lÞ is not evident. Yet, for r ¼ 8
and assuming that ll ¼ ll1 ¼ 1; we have obtained by computer all the solutions
ðll6; ll5;y; ll2Þ of Hð8; lÞ in ðFnqÞ5 for 2pqp32: If n8ðqÞ is the number of such
solutions we have checked that n8ðqÞ ¼ q2  4q þ 5:
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